The hyperbolic phonon-polaritons within the Reststrahlen band of hBN are of great interest for applications in nanophotonics as they are capable of propagating light signals with low losses over large distances. However, due to the phononic nature of the polaritons in hBN, amplitude modulation of its signal proves to be difficult and has been underexplored. In this paper, we propose theoretically a broadband efficient amplitude modulator for hyperbolic rays in hBN operating in the frequency range between 1450 cm −1 and 1550 cm −1 . The modulating region comprises a few tens of nanometers wide gap carved within the hBN slab and covered by a graphene layer, where electrostatically gated graphene serves as a mediator that facilitates the coupling between phonon-polaritons on each side of the gap through plasmonic modes within graphene.
modulators based on graphene have a high speed of operation, with a modulation speed varying between 1 GHz 25-27 and 35 GHz 28 being reported. Moreover, theoretically imposed limits on the modulation speed exceeds 100 GHz. 29, 30 The main issue with graphene based optical modulators in near-IR and optical frequency ranges is the weak intrinsic optical absorption of graphene (∼ 2.3% 31, 32 ) which limits modulation depths for single-layer 25, 33 and double-layer 26 graphene based modulators to about 0.1 dB µm −1 . The strength of light-matter interaction and, correspondingly, the modulation depth can be improved by integrating graphene with a dielectric cavity resonator, 27, 30 with modulation depths as high as 3.2 dB being demonstrated. 27 Unlike the telecom frequency range, in the THz frequency range graphene's conductivity can be significantly modified by applied electric bias and efficient graphene based modulators have been reported [34] [35] [36] [37] with up to 47% modulation being achieved 34 for a modulator operating in the transmission regime. Moreover, the efficient modulation of a quantum cascade laser gain has been reported that utilizes plasmons in graphene incorporated into the laser microcavity for gate tuning. 38 The mid-IR frequency range provides potential interest for applications in nano-photonics, as this is the range where polar dielectrics, such as hBN, support low-loss highly confined phonon-polaritons. Recently, a nanomechanical graphene/hBN based light modulator operating in the reflection regime (with modulation depth up to 30 %) has been demonstrated 39 in the frequency range from mid-IR up to UV. However, efficient amplitude modulation of the guided phonon-polaritons in hBN has not been explored yet.
In this paper, we demonstrate that efficient modulation of hyperbolic phonon-polaritons in hBN is indeed possible. We propose an ultra-compact graphene-hBN plasmonic amplitude modulator with a modulation depth of up to 20 dB achieved within a modulating region less than 100 nm long in the frequency range 1450-1550 cm −1 , in conjunction with insertion losses of only 3 dB. A sketch of the modulator geometry is presented in Fig. 1a . The core of the modulator is a graphene-covered hBN slab, which, in the frequency range under consideration, allows for signals to propagate in a form of highly directional hyperbolic rays 3 with low losses over large distances. For simplicity, we assume that the signal is injected into the modulator by a line-current source. The modulating region comprises a gap filled with a dielectric and covered by a graphene layer that mediates the coupling between the hyperbolic modes in two neighboring hBN regions. When the graphene is biased to a chemical potential of 0.22 eV, we observe high (∼ 50%) transmission of the hyperbolic mode across the gap.
However, the transmission falls more than an order of magnitude when the graphene bias is reduced to 0.12 eV. This can be explained by the strong plasmonic losses within graphene in this range of chemical potentials.
In order to elaborate on the physics underlying the modulator performance, we need to clarify the nature of elementary excitations in the system. In what follows, we restrict our consideration to the frequency range 1400-1570 cm −1 , i.e. the window of type-II hyperbolicity in hBN materials. 4, 19 In this frequency range the optical response of the system is dominated by hyperbolic phonon-polaritons in hBN, plasmons in graphene and hybridized polaritons at the hBN-graphene interface.
The core of the modulator system is an hBN slab of height D that allows for signals to propagate over long distances with small losses. The dielectric function of hBN is that of an uniaxial crystal 19 with the crystal optical axis orthogonal to the hBN-graphene interface,
i.e.ε = diag{ε ⊥ , ε ⊥ , ε }, where ε ≈ 2.8 is the component of permittivity tensor parallel to the optical axis, and
is the component of permittivity tensor orthogonal to the optical axis, where ε ∞ = 4.8, As one can see ε ·Re ε ⊥ < 0, which indicates that the hBN behaves as hyperbolic material in the above-mentioned frequency range. The term "hyperbolic" stems from the fact that the isofrequency surfaces for an extraordinary wave in lossless materials 40 (Im ε ⊥ = 0), which are given by The tunability issue can be resolved by coupling hyperbolic phonon-polaritons in hBN with surface plasmons in graphene as shown in Fig. 1a . The wavenumber β of a surface plasmon in a graphene monolayer sandwiched between two half-spaces with relative permittivities ε 1 and ε 2 is given by the non-linear equation
where η 0 = 377 Ω is the vacuum impedance, γ i = β 2 − k 2 0 ε i , and
is the optical graphene conductivity. 42, 43 Here, e denotes the charge of an electron,h is the reduced Plank's constant, k B is the Boltzmann constant, µ is the graphene chemical The problem, however, arises from the fact that coupled graphene-hBN surface modes are predominantly of phonon character in the frequency range of interest and thus respond significantly more weakly to changes of the graphene chemical potential than graphene plasmons do. The surface modes in air-graphene-hBN-substrate system (see Fig. 1a ) are defined by the non-linear equation (see SI for derivation)
where a relative permittivity ε s = 1.5 for the substrate. We are mostly concerned with the first phonon mode as this mode couples most strongly to the dipole excitation and is observed most prominently in scanning near-field optical microscopy and scattering experiments.
1,4,45
It should be noted, that dispersion of higher order modes is qualitatively similar to that of the first-order mode (see SI for details).
The mode wavenumber increases significantly with frequency ranging from 1450 to 1550 cm −1 . This can be explained by the decrease of electrostatic screening with smaller hBN permittivity (ε ⊥ decrease from -10 to -2). However, at any given frequency, dependence of the mode wavenumber (and thus losses) on chemical potential remains weak and thus a bare graphene-hBN system cannot be used to create an efficient optical or polaritonic modulator.
We begin by numerically examining the performance of a modulator based on a graphenehBN system without dielectric gap; see (Figs. 1f, g ) which propagate along the interface until re-radiating their energy back to hBN hyperbolic modes. Losses experienced by the surface mode are responsible for the amplitude modulation of the hyperbolic signal (Fig. 2a) . The apparent lateral shift of the "reflected" hyperbolic ray with respect to the incident hyperbolic ray (Fig.   2b ) is a manifistation of the Goos-Hanchen effect, 48 which we elaborate further below.
We define a transmission value by taking the quotient of the beam intensity around the center of the hBN slab directly before it reaches and directly after it decouples from the graphene-hBN interface (see white dashed lines in Figs. 2c, d ). The simulations are In order to increase the losses in the "off" state, the distance traveled by interface plasmon-polaritons before they radiatively decouple back into hBN has to be increased.
Our proposal consists of carving out a length of the hBN slab as illustrated in Fig. 1a . The hyperbolic ray launches surface plasmons on the graphene surface above the gap. These surface plasmons will not be able to decouple into phonon-polaritons of the hBN slab until they reach the other side of the gap. Thus, the losses experienced by plasmons in the "off" state can be significantly increased by increasing the gap width w. Unless specified otherwise, we assume that the material inside the gap is air, i.e. the gap permittivity is ε g = 1. The losses in graphene suspended above the gap are presented in Fig. 1e. The results of the transmission calculation are shown in Fig. 3a . The transmission increases from a minimum value of around -20 dB at 0.13 eV to -(3-7) dB at around 0.22eV.
We obtain an overall modulation depth ranging between 14.2 dB (for 1550 cm −1 ) to 20.1 dB (for 1500 cm −1 ). Thus, we can see that the proposed modulator geometry provides efficient modulation in the broad frequency range coinciding with the type-II hyperbolicity region of hBN.
A qualitative understanding of such a behavior can be obtained by studying Fig. 1e and of the secondary hyperbolic polaritons in the hBN slab across the gap (transmission of order of -20 dB). However, when the graphene is present, the energy of the hyperbolic ray is mostly transferred to surface modes of the graphene, rather than to the electric field at the edge. As the graphene surface plasmons decay fast (see Fig. 3b ) when µ ≈ 0.13 eV, the amount of energy delivered to the adjacent hBN slab is very small which leads to a strong dip in transmission. As the chemical potential increases plasmon losses in graphene decrease (see Fig. 1e ) which leads to an increase in the plasmon propagation distance (see Fig. 3b) and thus to an increased transmission across the gap. The plasmon losses, however, are a monotonously decreasing function whereas the transmission across the gap has pronounced peak around 0.22 eV with transmission values close to those of a system without a gap.
In order to understand this behavior we should take into account that graphene suspended above the dielectric gap behaves effectively as an electrostatically defined ribbon (i.e., a (6)) in the cavity of width 85 nm, where solid line corresponds to n = 1, dashed -n = 2, dashed-dotted -n = 3.
Fabri-Perot resonator), with gap walls serving as ribbon edges (i.e. the ribbon width is equal to that of the gap width). The origin of the pronounced peak in the transmission are geometrical resonances of surface plasmons in the "ribbon", defined by the condition
where n = 1, 2, 3, . . . defines the resonance order. A strong increase of the electric field for values of the chemical potential corresponding to the geometrical resonance causes a strong increase in transmission, while the case of a weak off-resonant electric field in the cavity leads to a low transmission.
In order to corroborate this conclusion we calculated transmission across gaps of different widths assuming that the gap material is vacuum (see Fig. 4a ), and across a gap of fixed width, w = 85 nm, assuming that the gap is filled with different dielectrics (see Fig. 4b ).
With the increase of gap width, the resonance peak shift towards higher values of chemical potential. Fig. 4c shows the dispersion relation for a surface plasmon in vacuum superimposed on a set of horizontal lines depicting resonant wavenumbers of cavity modes, obtained using Eq. (6) . It follows that the shift is due to a decrease of plasmon wavenumber with the increase in chemical potential. As the increase of the cavity width causes a decrease of the resonance wavenumber, the resonance condition defined by Eq. The analysis of the gap transmission for different dielectric materials filling the gap (Figs. 4b, d ) supports the conclusion that the observed transmission peaks are of resonant nature. Again, we can observe a shift of the peaks in the transmission spectra with increasing values of the cavity dielectric function towards higher values of chemical potential (see Fig. 4b ). This is due to the increase in plasmon wavenumber with increasing relative permittivity of the substrate (see Fig. 4d ) caused by a stronger electrostatic screening.
Concluding, in the paper we proposed the concept of an ultra-compact broadband graphenehBN modulator operating in the frequency range of type-II hyperbolicity of hBN (1450 cm 
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